Motivation: It is well known that gene trees and species trees may have different topologies. One explanation is incomplete lineage sorting, which is commonly modeled by the coalescent process. In multispecies coalescent, a gene tree topology is observed with some probability (called the gene tree probability) for a given species tree. Gene tree probability is the main tool for the program STELLS, which finds the maximum likelihood estimate of the species tree from the given gene tree topologies. However, STELLS becomes slow when data size increases. Recently, several fast species tree inference methods have been developed, which can handle large data. However, these methods often do not fully utilize the information in the gene trees. Results: In this paper, we present an algorithm (called STELLS2) for computing the gene tree probability more efficiently than the original STELLS. The key idea of STELLS2 is taking some 'shortcuts' during the computation and computing the gene tree probability approximately. We apply the STELLS2 algorithm in the species tree inference approach in the original STELLS, which leads to a new maximum likelihood species tree inference method (also called STELLS2). Through simulation we demonstrate that the gene tree probabilities computed by STELLS2 and STELLS have strong correlation. We show that STELLS2 is almost as accurate in species tree inference as STELLS. Also STELLS2 is usually more accurate than several existing methods when there is one allele per species, although STELLS2 is slower than these methods. STELLS2 outperforms these methods significantly when there are multiple alleles per species.
Introduction
Inference of species tree from gene trees is a fundamental computational problem in phylogenetics. A species (respectively gene) tree represents the evolutionary history at the species (respectively gene) level. It is well known that gene trees may be topologically different at different loci. Among various interpretations for this so-called 'gene tree and species tree problem', multispecies coalescent is considered to be one of the most important evolutionary models (Degnan and Rosenberg, 2006; Maddison, 1997; Rosenberg, 2002) . Multispecies coalescent provides a stochastic model on gene trees that are embedded within the underlying species tree. In multispecies coalescent, gene lineages from multiple species coalesce stochastically when looking backward in time. This stochastic process thus determines what gene tree is to be observed at a locus. Throughout V C The Author 2017. Published by Oxford University Press. All rights reserved. For permissions, please e-mail: journals.permissions@oup.com this paper, we assume that gene trees and the species tree follow the multispecies coalescent model. See Figure 1 for an illustration on the multispecies coalescent.
The multispecies coalescent model allows the computation of the likelihood of gene trees (or gene sequences on some sequence substitution model) for a given species tree. To infer the species tree, we may perform probabilistic inference using the likelihood of gene trees (or gene sequences). For example, there is a Bayesian approach, *BEAST (Heled and Drummond, 2010) , which infers species trees directly from gene sequences. Also the SVDQuartets method (Chifman and Kubatko, 2015) infers species trees from sequence data. There are maximum likelihood approaches including STELLS (Wu, 2012) which use gene trees as input. While empirical studies show that likelihood methods such as *BEAST and STELLS perform well in practice (DeGiorgio and Degnan, 2014; Harris et al., 2014) , likelihood methods are slow even for data of medium size (say 30 taxa and 100 loci). On the other hand, data size is increasing rapidly due to the fast development of genome sequencing technologies. To handle large data, fast species tree inference methods including, for example, STAR (Liu et al., 2009) , MP-EST (Liu et al., 2010) and ASTRAL (Mirarab et al., 2014) have been developed. While these methods are certainly very useful, these methods often do not use all the information contained in the given gene trees. For example, ASTRAL is based on the analysis of quartets of the gene trees, and does not take into consideration larger topological structures of the gene trees. Thus, if we can develop a faster likelihood based inference method, it can potentially lead to more accurate inference by using more information from the gene trees.
In this paper, we assume gene trees have been inferred from gene sequences. Our objective is to infer the species tree from the given gene trees. The main computational bottleneck of likelihood-based species tree inference from gene trees is the computation of the likelihood of a gene tree, i.e. the probability (called the gene tree probability) of a gene tree given a species tree. In this paper, we only use the topologies of gene trees (i.e. branch lengths of gene trees are ignored), while the species tree has branch lengths. Note that branch lengths of gene trees may also contain useful information. However, it is known that branch lengths of the inferred gene trees tend to be noisy and may lead to bias in species tree inference (DeGiorgio and Degnan, 2014; Wu, 2012) . In the following, when we say the likelihood of a gene tree, we refer to the gene tree probability of the topology of this gene tree. There are three algorithms for computing the gene tree probability: the algorithm by Degnan and Salter (Degnan and Salter, 2005) , the STELLS algorithm (Wu, 2012) and a recently developed algorithm in Wu (2016) . The STELLS algorithm is known to be much faster than the Degnan and Salter's algorithm. However, the STELLS algorithm runs in exponential time in terms of the number of leaves of gene tree (denoted as n) and the number of species in the species tree (denoted as m) for almost all the cases. The algorithm in Wu (2016) runs in time that is polynomial in n if m is fixed to a constant. However, the case of large m (which is often the case in phylogenetics) remains computationally challenging. An important lesson learned in Wu (2016) is that exact computation of gene tree probability appears to be difficult. To develop a more scalable likelihood-based inference method, it is necessary to adopt some form of approximation for likelihood computation.
In this paper, we present an algorithm (called STELLS2) for computing the gene tree probability approximately. As an application, we apply STELLS2 in the inference of species trees from gene tree topologies. That is, we use the STELLS2 algorithm to compute the gene tree probability in the maximum likelihood species tree inference originally developed in Wu (2012) . In the following, we use STELLS2 to refer to both the new gene tree probability algorithm and also the species tree inference approach using this new gene tree probability algorithm. The main advantage of STELLS2 is its efficiency: STELLS2 runs in polynomial time (in terms of n) for an important case where existing exact algorithms run in exponential time (in terms of n). We demonstrate that the approximate gene tree probability computed by STELLS2 still retains much of the information contained in the data: empirical results show that STELLS2 not only speeds up the inference of species trees but also gives equally accurate inference results. Through simulation, we show the gene tree probabilities computed by STELLS2 and the original STELLS have strong correlation. We show that STELLS2 is more accurate than (or as accurate as) several existing species tree inference methods. STELLS2 performs especially well compared with existing methods when there are multiple gene alleles per species.
Background

Gene tree probability
A species tree T s is a rooted binary tree (with branch lengths) and represents the evolutionary history of species (or populations). The leaves of T s are labeled by the species. A gene tree is a leaf-labeled rooted tree T g , where the leaves of T g are labeled by the sampled gene alleles (or lineages) from some species. T g can be multifurcating. There can be multiple gene alleles from a single species. For example, in Figure 1 , five gene lineages (a 1 ; a 2 ; a 3 ; a 4 and a 5 ) are from the species A. Throughout this paper, we assume T g doesn't have branch lengths. That is, T g is the gene tree topology. We use the node that is more recent (i.e. closer to extant time) to represent a branch in T g or T s . We call the branch ending at the root of T g (or T s ) with infinite length the root branch. For example, in Figure 1 , the branch r refers to the root branch of T g , and the branch E is the root branch of T s . For convenience, we view the time flowing from the above and going downwards in T s . That is, when we say at the bottom (respectively top) of the branch b of T s , we mean the ending position of b that is closer to (respectively further away from) extant time. We use the root of a subtree in T g or T s to refer this subtree. For example, in Figure 1 , the subtree g of T g contains five leaves: a 1 ; Fig. 1 . A gene tree T g (in thin lines) in a species tree T s (in thick lines). Gene lineages a1; a2; a3; a4 and a 5 originate from species A, b1; b2; b3 and b 4 from B and c 1 from C. Internal nodes of both T g and T s are labeled. Internal nodes of T g are where coalescent events occur. All gene and species tree branches are labeled a 2 ; a 3 ; a 4 and a 5 , and the bottom of the branch D of T s refers to the position in D that is right above the label D.
In the multispecies coalescent model, gene lineages coalesce (i.e. finding common ancestors) according to the coalescent (a welldefined stochastic process) when looking backward in time. For example, in Figure 1 , right above (i.e. more ancient than) D, there are five lineages: b 3 ; b 4 ; e; f and h within the branch D. Here, e is the result of the coalescent of three lineages a 1 , a 2 and a 3 . f is from the coalescent of a 4 and a 5 within the species tree branch A. h is from the coalescent of b 1 and b 2 within the branch B. However, other coalescent events (e.g. a 1 may coalesce with a 3 ) are also possible, which may lead to a different T g . In fact, for a given T s , any gene tree topology T g can be obtained on T s through multispecies coalescent. We refer the readers to Rosenberg (2002) ; Degnan and Salter (2005) ; Wu (2012) for more background on multispecies coalescent. The gene tree probability PðT g jT s Þ is the probability of obtaining T g on a given T s by the multispecies coalescent process. A main research problem on multispecies coalescent is the computation of the gene tree probability for the given T g and T s (Rosenberg, 2002) .
There are currently three algorithms for computing the gene tree probability. All three are exact algorithms. The first is due to Degnan and Salter (Degnan and Salter, 2005) . Degnan and Salter enumerate the so-called coalescent histories for T g and T s . Roughly speaking, coalescent history specifies along which branch of T s each coalescent event in T g occurs. The main difficulty of Degnan and Salter's algorithm is that the number of coalescent histories grows very rapidly when T g and T s become large. See Rosenberg (2013) ; Rosenberg (2015, 2016a,b) for results on counting coalescent histories. The second algorithm is called STELLS (Wu, 2012) . The STELLS algorithm enumerates a data structure called ancestral configuration (AC) for each branch of T s . The key difference is that coalescent history concerns all coalescent events while AC only considers what happens within one species tree branch. The main advantage of STELLS over Degnan and Salter's algorithm is that the number of ACs is usually much smaller than the number of coalescent histories. However, the number of ACs grows exponentially with the size of T g in almost all the cases. See Wu (2012); Disanto and Rosenberg (2016a,b) for results on counting ACs. More recently, we develop a new algorithm called CompactCH (Wu, 2016) . CompactCH uses a data structure called compact coalescent history (CCH). which combines multiple coalescent histories into one CCH. While the CompactCCH algorithm runs in polynomial time when the number of species m is fixed to a constant, it becomes slow when m increases.
Our new approach STELLS2 presented in this paper is based on the STELLS algorithm. Thus, we describe the basic idea of the STELLS algorithm in the following.
The STELLS algorithm
In Wu (2012), we developed an algorithm called STELLS for computing the gene tree probability. STELLS uses a data structure called ancestral configuration (AC) for computing the gene tree probability. An AC specifies a set of gene lineages present at a specific position in T s . For example, in Figure 1 , the AC at the bottom of the branch D contains the lineages b 3 ; b 4 ; e; f and h, while the AC at the top of D (right below E) contains the lineages o and p. For each AC, we define the probability of this AC as the probability of observing the lineages in the AC at the position of the AC in T s . To show how AC is used in gene tree probability computation, we consider the AC with the lineages fb 3 ; b 4 ; e; f ; hg at the bottom of the branch D. To obtain this AC, we must have lineages e and f along the branch A and lineages b 3 , b 4 and h along the branch B right below D. That is, the AC at the top of the branch A (respectively B) contains the lineages e and f (respectively b 3 , b 4 and h). Therefore, along the branch A, the single AC fa 1 ; a 2 ; a 3 ; a 4 ; a 5 g at the bottom of the branch A must coalesce into the AC {e, f} at the top of the branch A. Similarly, along the branch B, the single AC fb 1 ; b 2 ; b 3 ; b 4 g at the bottom of the branch B must coalesce into the AC fb 3 ; b 4 ; hg at the top of the branch B. Now consider two ACs: AC 1 at the bottom of a branch b of T s and AC 2 at the top of b. We call the probability of AC 1 coalescing into AC 2 along the branch b as the transition probability pðAC 1 ; AC 2 ; bÞ. STELLS computes the gene tree probability with a recurrence over the probabilities of all possible ACs in a bottom-up approach. For example, in Figure 1 , the probability of AC fb 3 ; b 4 ; e; f ; hg right above D is equal to the summation of the following terms: (i) the probability of AC fa 1 ; a 2 ; a 3 ; a 4 ; a 5 g at the bottom of A times the transition probability pðfa 1 ; a 2 ; a 3 ; a 4 ; a 5 g; fe; f g; AÞ, and (ii) the probability of AC fb 1 ; b 2 ; b 3 ; b 4 g at the bottom of B times the transition probability pðfb 1 ; b 2 ; b 3 ; b 4 g; fb 3 ; b 4 ; hg; BÞ. When there are multiple ACs at the bottom of a descendant branch, we need to sum over the probability of each AC times its transition probability. The probabilities of ACs fa 1 ; a 2 ; a 3 ; a 4 ; a 5 g at the bottom of A and fb 1 ; b 2 ; b 3 ; b 4 g at the bottom of B are both 1.0 since they are at the leaves of T s . The transition probability pðAC 1 ; AC 2 ; bÞ is equal to the product of p nðAC1Þ;nðAC2Þ ðLðbÞÞ and CðAC 1 ; AC 2 Þ. Here, n(AC) is equal to the number of lineages in AC and L(b) is the length of branch b. CðAC 1 ; AC 2 Þ is called the coalescent coefficient between AC 1 and AC 2 (Wu, 2016) . p u;v ðTÞ is the probability of u unlabeled lineages coalesce into v unlabeled lineages within time T (where T is the in the standard coalescent units). Equation 1 is a classic result (Takahata and Nei, 1985; Tavarè, 1984; Watterson, 1984) (also see Wakeley, 2008; Rosenberg, 2002) in coalescent theory which gives a closed form formula for calculating p u;v ðTÞ.
Note that p u;v ðTÞ does not concern labeling of lineages. In order to ensure that the coalescents lead to the correct T g , we use the coalescent coefficient CðAC 1 ; AC 2 Þ term to enforce the labeled lineages are properly coalesced to obtain T g . Refer to Degnan and Salter (2005); Wu (2016) for more details on the coalescent coefficient.
Method
High-level idea of the STELLS2 algorithm
As described in Section 2.2, the STELLS algorithm enumerates ACs at each species tree node. However, the number of ACs usually grows exponentially with n, the number of gene alleles in T g (Wu, 2012) . The new CompactCH algorithm (Wu, 2016) aims to combine multiple coalescent histories into a compact coalescent history (CCH). But the number of CCHs is still exponential in n. The STELLS2 algorithm is designed to economize the computation of the gene tree probability. The key idea of the STELLS2 algorithm is reducing the number of ACs by combining multiple ACs into a new data structure called compact ancestral configuration (or CAC). As an example, in Figure 1 , we consider the top of the branch A (just below D) in T s . Possible ACs for this T g include AC 1 ¼ fa 3 ; a 4 ; a 5 ; dg and AC 2 ¼ fa 1 ; a 2 ; a 3 ; f g, among others. The difference between AC 1 and AC 2 is which of the two lineages (d or f) is first formed by coalescing the five lineages from the population A (i.e. a 1 ; a 2 ; a 3 ; a 4 and a 5 ) assuming there is a single coalescent occurred along the branch A. However, the order of coalescent events at d and f does not carry much information on T s because d and f are formed by coalescent events within the same population A. This is because the order of coalescent within the same population is mainly determined by stochasticity of the coalescent process and is not strongly influenced by the species tree. Thus, we can combine AC 1 and AC 2 into one compact AC without significant loss of information on T s . To compute the gene tree probability, we can use compact ACs whose number can be significantly less than the that of ACs. Combining multiple ACs usually means that the gene tree probability can only be computed approximately. We will demonstrate in the following that using compact ACs can significantly speedup the computation while there is little loss in the accuracy of species tree inference based on compact ACs.
Compact ancestral configuration (CAC)
Compact ancestral configuration (CAC) describes the settings of the gene tree lineages at the top or bottom positions of each species tree branch b. We let S(b) be the set of species under b in T s . We let G(b) be the set of gene lineages (i.e. leaves of T g ) that originate from some species in S(b). A subtree T g;1 of T g is called b-maximal if (i) all gene lineages within T g;1 are within G(b) and (ii) T g;1 is not properly contained in another b-maximal subtree of T g . We denote the number of b-maximal subtrees under b as NðT g ; bÞ. For example, in Figure 1 , consider the branch D. SðDÞ ¼ fA; Bg; GðDÞ ¼ fa 1 ; a 2 ; a 3 ; a 4 ; a 5 ; b 1 ; b 2 ; b 3 ; b 4 g. There are two D-maximal subtrees, which are rooted at o and p (and contain gene alleles fa 1 ; a 2 ; a 3 ; a 4 ; a 5 ; b 1 ; b 2 g and fb 3 ; b 4 g) respectively. So NðT g ; DÞ ¼ 2. It is important to note that within (and below) a branch b of T s , only lineages contained within a same b-maximal subtree may coalesce. Also, after coalescence, there is at least one gene tree lineage remaining for each b-maximal subtree. Now, a compact ancestral configuration (CAC) records a length NðT g ; bÞ vector of lineage counts at a specific position in T s . Here, lineage count is the number of gene tree lineages within a b-maximal subtree T g;1 of T g that are observed at the position along a branch b in T s . There is a lineage count for each b-maximal subtree of T g . Lineage counts must have values of at least one. For example, consider the specific coalescent history shown in Figure 1 . The length of CACs at the bottom of D is 2 since NðT g ; DÞ ¼ 2. We let the first (respectively second) lineage count for the D-maximal subtree rooted at o (respectively p). Then at the bottom of D, the CAC is [3, 2] , which corresponds to lineages {e, f, h} for the subtree o and fb 3 ; b 4 g for the subtree p. At the top of D, the CAC is [1,1], which corresponds to lineages {o} for the subtree o and {p} for the subtree p. Note that two different ACs can lead to the same CAC. 
The number of CACs
The main benefit of using CAC is that the number of CACs is usually much smaller than the number of ACs. Most known results on the number of coalescent histories or ACs assume that T g and T s have the same topology (e.g. Rosenberg, 2013; Wu, 2012) . It is known that in Wu (2012); Disanto and Rosenberg (2016b) that the number of ACs is exponential in the number of taxa in many cases (even when T g and T s have the same topology). We now show that the number of CACs is polynomial bounded in terms of the number of gene tree lineages n for a large class of T g and T s , which includes the important case when T g and T s have the same topology T.
Suppose we collapse subtrees in T g with leaves originated from a single species s (i.e. this subtree whose leaves are all from s is replaced by a leaf labeled as s), and call the resulting tree T c g the condensed gene tree. For example, in Figure 1 , we may collapse the subtree of T g that is rooted at g with leaves a 1 ; a 2 ; a 3 ; a 4 and a 5 into a single leaf labeled by A. We may also collapse the subtree with leaves b 1 and b 2 into a single leaf also labeled by B. We say a species s is monophyletic in the gene tree T g if the alleles from s form a single subtree with no other alleles. That is, if each species is monophyletic in T g , then T c g and T s have the same topology. The following states that the number of CACs is polynomial in n when each species is monophyletic in T g . Due to the lack of space, its proof is provided in the Supplementary Materials.
Proposition 3.1 The number of CACs is polynomial in n when each species of the gene tree T g is monophyletic.
Proposition 3.1 implies that for the important case when T g and T s have the same topology (and so T c g is identical to T g ), the number of CACs is polynomial in n. In the Supplementary Materials, we show that there are cases where the number of CACs can be exponential in terms of the size of gene trees. Nonetheless, Proposition 3.1 implies that when T s and T g are more similar (which are likely to be the case in the real data), the number of CACs may be smaller and the (approximate) gene tree probability can be computed much faster by STELLS2 than the original STELLS.
Gene tree probability computation with CAC
We define the probability of a CAC as the probability of this CAC occurring at the specific position in T s associated with this CAC. Gene tree probability is computed from the probabilities for all CACs recursively at the bottom and top positions of each species tree branch in the bottom up order. There is a single CAC at the top of the root branch. The gene tree probability is equal to the probability of this single CAC.
At the bottom of a leaf branch, there is a single CAC with probability of 1.0. The CACs at the bottom of an internal species tree branch v are computed by the CACs at the top of the two child branches of v. We let CAC t ðvÞ be the set of CACs at the top of v. We let CAC b ðvÞ be the set of CACs at the bottom of v. We denote the two children of v as v 1 and v 2 . We say the union of CAC 1 2 CAC t ðv 1 Þ and CAC 2 2 CAC t ðv 2 Þ is equal to a CAC 2 CAC b ðvÞ if CAC 1 and CAC 2 can merge to form CAC as described in Section 3.2.1. And if so, we denote as CAC ¼ CAC 1 CAC 2 . Then for a CAC at the bottom of v:
Computing the probability of a CAC at the top of a species tree branch is more complex. Let CAC t be a CAC at the top of a species tree branch v. CAC t is obtained through coalescents from some CAC b which are at the bottom of the branch v. So the probability pðCAC t Þ is computed as follows.
Here, p t ðCAC b ; CAC t Þ is the probability (called transition probability) of obtaining CAC t by coalescing lineages in CAC b at the top of the branch v. p t ðCAC b ; CAC t Þ ¼ 0 if CAC t cannot be obtained from CAC b through coalescents. It is known that the exact transition probability between two ACs can be computed (Wu, 2012) , and between two compact coalescent histories (Wu, 2016) . When using CAC, however, we need to apply a heuristic in computing p t ðCAC b ; CAC t Þ. p t ðCAC b ; CAC t Þ is a product of two terms: the coalescent probability and the coalescent coefficient. The coalescent probability is the probability of obtaining nðCAC t Þ unlabeled lineages from nðCAC b Þ unlabeled lineages within the branch v. Here, n(CAC) is the number of gene lineages in the CAC. n(CAC) is fully determined by CAC. Thus, the coalescent probability can be computed using Equation 1. The coalescent coefficient is the probability of the nðCAC b Þ À nðCAC t Þ coalescents occurring in a way that matches the topology of T g . Different from the case of AC, when using CACs, coalescent coefficient often cannot be computed exactly. For example, in Figure 1 , consider the CAC [3] at the top of the branch A. There are two possible ACs for this CAC: fa 3 ; d; f g and fa 4 ; a 5 ; eg. The coalescent coefficients from the single AC fa 1 ; a 2 ; a 3 ; a 4 ; a 5 g at the bottom of A to these two ACs are equal to respectively. Here, the denominator is the number of possible ways of the two coalescent events may occur, and the numerator is the number of ways that the ordering of these coalescent events matches T g . See Degnan and Salter (2005) ; Wu (2016) for detailed explanation of this calculation. The coalescent coefficient for fa 3 ; d; f g is twice as large as that for fa 4 ; a 5 ; eg because the later has an additional constraint that the coalescent at d is prior to (i.e. closer to the extant time than) the coalescent at e. Thus, two ACs corresponding to the same CAC may have different coalescent coefficients. So we cannot always compute the exact value of coalescent coefficients for the given two CACs. This is because CAC does not keep track of exactly which gene lineages are present in the CAC.
To address this difficulty, STELLS2 calculates the coalescent coefficient using a heuristic: all coalescent events corresponding to a same maximal subtree occurred between two CACs are assumed to be ordered. That is, there is a single fixed sequence of coalescing the gene lineages from the same maximal subtree. Note that this gives the smallest possible coalescent coefficient between two ACs for the two CACs. Intuitively, the computed coalescent coefficients are computed based on parsimony because more coalescent events along a branch may lead to even smaller coalescent coefficients than the case of fewer coalescent events when compared with the true history. Thus, STELLS2 doesn't compute the exact gene tree probability as in Degnan and Salter (2005) ; Wu (2012 Wu ( , 2016 . Our results in Section 4 show that this approximation works well in practice: the species tree inference by STELLS2 are usually as accurate as the inference obtained by the original STELLS which uses exact gene tree probability.
Species tree inference
Similar to Wu (2012) , STELLS2 seeks to find the species tree T s that maximizes the product of gene tree probability of each given gene tree topology. The main difference is that STELLS2 uses the approximate gene tree probability, which is usually much faster. Refer to Wu (2012) for more details on the procedure for finding the maximum likelihood estimate of the species tree based on gene tree probability.
Design of the simulation study
We generate simulated datasets by varying the number of species m, numbers of gene trees K and the number of gene lineages (alleles) s sampled for each species. For each parameter setting:
1. We simulate 50 random species trees with m species.
The species trees are scaled so that the average distance from a leaf to the root is equal to a given tree height. In this simulation, the species tree height Ht is set to be 1.0 or 0.1. See the Supplementary Materials for additional results on larger tree height.
2. For each species tree, a set of K gene trees are generated using the program ms (Hudson, 2002) , where there are s alleles for each species. 3. The program Seq-Gen (Rambaut and Grassly, 1997 ) is used to simulate gene sequences (1000 base pairs by default) from the true gene trees under the HKY model (Hasegawa et al., 1985) , with a transition/transversion ratio of 3.0. The mutation parameter H is chosen to be 0.01. The rest of parameters of Seq-Gen are set to default values.
Each of the K gene trees for each species tree contain m Â s simulated DNA sequences. The program RAxML (Stamatakis, 2014 ) is used to infer the maximum likelihood gene trees from the simulated STELLS2sequences. We run RAxML using its default settings. The trees inferred by RAxML are rooted using an outgroup.
Results
We have implemented STELLS2 as part of the STELLS program, which is available for download at: https://github.com/yufeng wudcs/STELLS2. We compare the following methods for their performance on species tree inference from gene trees. One criteria of picking methods to compare with is efficiency. We only compare with methods that can run efficiently for relatively large data (say 30 taxa and 100 gene trees). So slower methods such as *BEAST (Heled and Drummond, 2010) are not tested here. The original STELLS is an exception: it is slow for large data, but comparing with the original STELLS helps to demonstrate the performance of the new STELLS2 method. We also prefer methods that take gene trees as input for the ease of comparison. Due to the lack of space, some results are provided in the Supplementary Materials. All the above methods take gene trees (or gene tree topologies) as input. STELLS2, STELLS and ASTRAL work with gene tree topologies only, while STAR and MP-EST require full gene trees (i.e. with branch lengths). We run all programs in their default settings. We note that these programs can perform better under different settings. We don't attempt to try other settings for these programs because it is often difficult to know what settings will lead to more accurate results. The reported running time is for one thread only.
To evaluate the accuracy of inferred species trees, We use a statistic that is essentially the normalized unrooted Robinson-Foulds distance between T and T Ã . This is equal to the number of missed branches in the inferred (unrooted) species tree T is used (i.e. clades BðT; T Ã Þ in the true species tree T Ã but not in T), which is divided by the number of internal clades in T Ã . Note that bðT; T Ã Þ is between 0.0 and 1.0, and measures the inference error. Note that STELLS2 (and STELLS) infers rooted species trees. Since programs such ASTRAL and STAR don't root the inferred species trees, we choose to exclude the rooting errors from comparison.
4.1 Species tree inference with simulated data 4.1.1 Inference with relatively large data Since STELLS2 is designed to handle larger trees than the original STELLS, we first test STELLS2 and compare with the other methods with relatively large simulated gene trees. The gene trees are simulated on species trees with height of 1.0 coalescent unit. We fix the number of loci K to be 100. The number of alleles per species s is one. The results are shown in Figure 2 . Our results show that STELLS2 is consistently more accurate than STAR, MP-EST and ASTRAL. On the other hand, STELLS2 is the slowest among all the four methods. STELLS2 takes several days to infer species trees with 40 taxa while STAR and ASTRAL can finish in seconds. It appears that all methods perform reasonably well for this test data. In the following, we let the species tree height to be 0.1 coalescent unit in order to compare methods on this more difficult setting.
Compare STELLS2 and the original STELLS
We compare STELLS2 with the original STELLS in terms of species tree inference accuracy and also running time. We use five species, since the original STELLS becomes slow for larger trees (especially when the number of alleles per population increases too). We use the species tree height of 0.1 (coalescent unit). The number of alleles s per species varies from 1 to 10. Due to the long running time for large data, STELLS is only run for cases with s ¼ 3 or smaller. Table 1 shows the results. It can be seen that the accuracy of species tree inference by STELLS2 and that of the original STELLS are very similar, while STELLS2 is much faster than the original STELLS. STELLS2 can work with much larger data than the original STELLS: STELLS2 runs faster with 10 alleles per population (i.e. 50 alleles in total) than the original STELLS with 3 alleles per population (i.e. 15 alleles in total). Therefore, STELLS2 enables maximum likelihood inference for larger data while there is little loss of accuracy in inference.
Multiple alleles per population
As shown in Section 4.1.1, all four methods have similar inference accuracy when there is a single gene allele sampled from each species for the case of five species. A previous study (DeGiorgio and Degnan, 2014) suggests that STELLS outperforms several other methods when multiple alleles are sampled from a species. As shown in Section 4.1.2, STELLS2 and the original STELLS perform similarly in terms of inference accuracy on relatively small data when s ! 1. We now compare STELLS2 with STAR and MP-EST on larger simulated data with multiple alleles per species. Here, we simulate 100 loci for each species. We test 5, 10 and 15 species, and use one to four alleles per species. We let the height of species trees to be 0.1 coalescent unit. The results are shown in Figure 3 . Our results show that STELLS2 outperforms STAR and MP-EST when there are multiple gene alleles per species. This is consistent with the findings in DeGiorgio and Degnan (2014).
Species tree inference with real data
We test STELLS2 with two sets of gene trees from Song et al. (2012) , which are distributed as part of the ASTRAL program. The first is called 'primate' and contains 14 taxa: 9 primates, tree shrews and 4 other mammalian taxa. The second is called 'mammalian' and contains 37 taxa: 36 mammals and chicken. Each of the two datasets contains 424 gene trees (with one allele per species). For comparison, we also run STAR, MP-EST and ASTRAL. We note that STAR and ASTRAL only infer unrooted species trees. STELLS2 and MP-EST find the correct rooting for both datasets. The primate data is relatively small and so we also run the original STELLS with it. For the primate data, all five methods find the same species tree, which is the same as the species tree distributed by the ASTRAL program. The main difference is the running time. STELLS2 takes 287 seconds. STAR, MP-EST and ASTRAL all take seconds. The original STELLS takes about 34 hours. For the mammalian data, it takes STELLS2 almost 36 hours to infer the species tree. This inferred tree is almost exactly the same as that inferred by STAR, MP-EST and ASTRAL. The only difference is the location of tree shrew: tree shrew is a sibling of primates as inferred by STELLS2 while tree shrew is placed as a sibling of rodents by STAR, MP-EST and ASTRAL. It is known that the position of tree shrew in mammalian phylogeny is not fully resolved yet (see, e.g. Song et al., 2012; Springer and Gatesy, 2016) . We note that tree shrew is placed as a sibling of rodents in the inferred species tree with the 'primate' dataset by all five methods tested above. Therefore we take a closer look at the issue of tree shrew. STELLS2 and also STELLS report the list of top ranked species trees (with their log-likelihood values). To further evaluate STELLS2 with mammalian data, we analyze a slightly different mammalian dataset from Springer and Gatesy (2016) . This dataset contains the same 37 taxa. The difference from the mammalian dataset in Springer and Gatesy (2016) is that the number of loci is 413, which is a subset of the 424 loci in Song et al. (2012) . It is argued in Springer and Gatesy (2016) that the removed loci are not appropriate for coalescent analysis. We use RAxML to infer the gene trees from the 413 loci. We then run all four methods on this dataset. STAR, MP-EST and ASTRAL still find the same species tree as what is for the 424 trees dataset (i.e. tree shrew as a sibling of rodents). STELLS2 finds the species tree with tree shrew as a sibling of primates, as what is found in the 424 trees dataset. The difference is that the likelihood of this optimal tree on the 413 trees data is now -22234.5. This is much higher than that the likelihood of value of -22317.5 for the tree with tree shrew as a sibling of rodents (as found by other three tools, which ranks only eighth in terms of likelihood among the candidate trees evaluated by STELLS2). 
Comparing gene tree probability
We compare the gene tree probability computed by STELLS2 and the original STELLS. We use Pearson correlation coefficients to measure the correlation between the two gene tree probabilities. We use ms to simulate 100 gene trees for two types of species trees: the maximal asymmetric trees (i.e. the caterpillar) and the maximal symmetric trees. We sample one gene allele from each species. The number of species ranges from four to ten. The results are shown in Figure 4 . It can be seen that the gene tree probabilities computed by STELLS2 and STELLS have strong correlation overall, especially when the species tree height is not too small (say 0.5 coalescent unit or larger). Note that even when the species tree height is small (say at 0.1 coalescent units), there is still significant correlation between the gene tree probabilities computed by STELLS2 and STELLS. When there are large number of gene trees, STELLS2 and STELLS can still give similar inferred species trees by essentially taking the consensus of all the gene trees under this more difficult case. Moreover, scatter plots between the two log-probabilities show a clear linear relationship between them. See the Supplementary Materials for more details.
Discussion and conclusions
In this paper, we present STELLS2, a new coalescent-based maximum likelihood species tree inference approach from gene tree topologies. An on-going trend in phylogenetics is that data is becoming larger. Likelihood inference methods often are not able to handle large data. Our results suggest that when properly designed, likelihood methods can be made faster with faster computation of the likelihood. We note, however, that not all approximations lead to good inference results. For example, when computing the gene tree probability, we may further simplify the ancestral configuration by only keeping track of the number of gene lineages at some species tree position. Note that the compact ancestral configuration (CAC) used by STELLS2 keeps track of the number of gene lineages from each maximal subtree at some species tree position. If we only use a single lineage count in CAC by combining these maximal subtrees, the number of CACs will become much smaller and the computation can be made much faster than the current STELLS2. However, simulation results show that the inference becomes much less accurate than STELLS2. This is likely due to the loss of significant amount of information by this kind of approximation.
One potential advantage of likelihood-based methods such as STELLS2 is that these methods report likelihood values of inferred species trees. Likelihood values can be used to compare multiple candidate species trees. Note that STELLS2 can compute the likelihood for a specific gene tree much faster than searching for the optimal species tree from gene trees. This can be useful for large datasets where searching for optimal species trees using STELLS2 is too slow but STELLS2 is still able to evaluate multiple candidate species trees. STELLS2 stores sub-optimal species trees (evaluated during optimization) and their likelihood values, which can also be useful.
The core computational problem studied in this paper is the computation of the gene tree probability. We note that gene trees need to be inferred from gene sequences. Sometimes gene trees cannot be accurately inferred (e.g. when the time scale is small and there is more uncertainty in gene trees). Ideally we would like to compute the likelihood of gene sequences directly. In Wu (2015) , we show that under certain modeling assumptions, the probability of gene sequence can be computed based on the gene tree probability algorithms. We show that the computed probability can then be used for inferring population divergence history (called population tree) with population genetic data. We anticipate that gene tree probability can find more applications if its computational efficiency can be further improved.
